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Entanglement dynamics of second quantized quantum fields
Mikhail Erementchouk and Michael N. Leuenberger
NanoScience Technology Center and Department of Physics,
University of Central Florida, Orlando, FL 32826
We study the entanglement dynamics in the system of coupled quantum fields. We prove that
if the coupling is linear, that is if the total Hamiltonian is a quadratic form of field operators,
entanglement can only be transferred between the fields. We show that entanglement is produced
in the model of the two-mode self-interacting boson field with the characteristic Gaussian decay of
coherence in the limit of high number of particles. The interesting feature of this system is that
the particles in different modes become entangled even if there is no direct interaction between the
modes. We apply these results for analysis of the entanglement dynamics in the two-mode Jaynes-
Cummings model in the limit of large number of photons. While the photon-atom interaction
is assumed to conserve helicity the photons with different polarizations still get entangled due to
an effective interaction mediated by the atom with the characteristic entanglement time linearly
increasing with the number of photons.
PACS numbers: 03.67.Bg,03.65.Yz,42.65.Lm
I. INTRODUCTION
Entanglement1 is a quintessentially quantum feature. It signifies that different parts of a compound system may
form a new entity, a complex; for example, when neither of two particles can be characterized by a definite state
so that instead of two particles one has to consider a pair and so on. If one would attempt to access a particular
part of the complex by performing a local measurement, this would unavoidably modify the state of other parts
even if the direct interaction between the parts is absent or negligible. Such departure from the classical properties
makes entanglement the central object in various contexts, from perspective of application in quantum informatics2
to understanding physics of quantum phase transitions.3 As a problem of special interest, therefore, the problem of
preparation a system in an entangled state stands out. Among different appearances of this problem entangled states
of quantized electromagnetic field, as perhaps the most accessible and the most flexible object, presents the significant
importance on its own. Nowadays, the most developed and widely used method of generating entangled photons is
the parametric down conversion,4,5 which is based on the two-photon radiative decay of material excited states. This
method, however, suffers from well recognized intrinsic limitations — very low yield and rescaling the wavelength of
the emitted photons.2,6,7 Therefore, there is the constant search of alternative sources of entangled light,8–18 which
motivates a thorough consideration of entanglement of quantum many-body states.
The characteristic feature of the process of entangling photons in the course of interaction with matter is noncon-
serving number of photons, or involved particles in general. In the few particle limit or in the case when the typical
time scales are well separated, these processes can be reduced to the more or less standard quantum mechanical situ-
ation. This makes the process of entangling fitted into the well developed description of entanglement. Indeed, in this
case one can specify time periods when the system is either in the state of excited matter and no (relevant) photons,
or in the state when matter is in the ground state and there are emitted photons. The general problem of solid based
sources of entangled light, however, compels addressing more general situation, when the photon states coexist with
material excitations and the processes of reabsorption and re-emission may play an important role. In this case one
has to incorporate nonconserving number of particles fully into consideration. The quantum field description (more
precisely, the formalism of second quantization) provides the most natural framework for dealing with this kind of
situation. In this approach particles appear not as predefined entities as, say, qubits within the standard quantum
mechanical treatment, but rather as excitations of the respective quantized fields.
As we will demonstrate below, entanglement in the context of quantized fields has its subtleties. The complete
description of entanglement in this context is yet to be developed. For our purposes, however, a basic approach is
sufficient. First, we will restrict our attention only to the case when the whole system can be characterized by a
pure state. Second, entanglement will be considered from the perspective of the problem of sources of entangled
light, which advances consideration of particle properties, as will be elaborated below. From this point of view the
existence of entanglement implies that a set of particles is in a nonseparable state and, as a result, one particle cannot
be described by a state vector, the particle with necessity is in a mixed state. Pure and mixed states, in turn, can
be distinguished using the fact that extremal values of observables corresponding to operators with non-degenerate
spectrum are reached at pure states. Let Ô be an operator acting on a finite dimensional Hilbert space and let
its spectral decomposition be Ô =
∑
κOκΠ̂κ, where Oκ are the eigenvalues, enumerated in the ascending order,
2O1 < O2 ≤ O3 . . . ≤ ON , and Π̂κ are the projectors on the respective eigen-spaces. Furthermore, let the smallest
eigenvalue be non-degenerate, i.e. rank(Π̂1) = 1, then the minimal value of
〈
Ô
〉
≡ Tr
[
ρ̂Ô
]
(understood as a function
of state described by the density matrix ρ̂) is equal to O1 and is reached at ρ̂ corresponding to the pure state, ρ̂ = Π̂1.
Respectively, the value of the observable
〈
Ô
〉
on mixed states will always satisfy inequality
〈
Ô
〉
mix
> O1. Indeed, in
the basis, where Ô is diagonal, one has Tr
[
ρ̂Ô
]
=
∑
κOκρκ,κ ≥ O1
∑
κ ρκ,κ = O1 with the equality reached only when
all ρκ,κ but ρ1,1 are zero. Thus, in a sense any operator with nondegenerate extremal eigenvalues allows distinguishing
between pure and mixed states. Using this observation one can implement the ideology of witnessing entanglement,
which originally was developed in the context of the full compound system1,19 and later was extended to one particle
description.20
This approach can be directly applied to the quantum field description. In this case the role of witnesses is played
by the respective one-particle operators and following the standard line of arguments (see e.g. Ref. 21) one can
characterize entanglement of one particle with the rest of the system using one particle correlation matrix (OPCM)
Gκ,λ =
〈
a†κaλ
〉
, where κ and λ enumerate one-particle states and a†κ and aλ create and destroy a particle in the
respective states. Throughout the paper we incorporate the time dependence into the Heisenber representation of the
operators aκ(t) = exp(iHt)aκ exp(−iHt), where H is the Hamiltonian describing the whole system. Thus, the time
dependence of the OPCM is given by
Gκ,λ(t) =
〈
a†κ(t)aλ(t)
〉
, (1)
where the average is taken with respect to the initial state 〈. . .〉 = 〈ψ(t = 0)| . . . |ψ(t = 0)〉.
In order to illustrate the difficulty of producing entangled states let us consider a simple example of a boson field
driven by an external source
H =
∑
κ
(
ǫκa
†
κaκ + eκ(t)a
†
κ + e
∗
κ(t)aκ
)
, (2)
where eκ(t) are c-numbers determined by the projections of, generally speaking time dependent, external classical
field onto respective one-particle states.
Before applying rigorous methods let us note that this system may look confusing if approached with the help of
often employed arguments based on interference of different paths connecting the initial and final states. Indeed,
considering that there are different ways to fill some particular state, say, with only two particles, one might expect
that these two particles will become entangled, which, of course, is an incorrect conclusion.
In virtue of the discussion above, the absence of entanglement would be manifested by rank one of the OPCM,22,23
while the rank of the OPCM can be easily investigated. The solutions of the operator equations of motion have the
form
aκ(t) = aκ(0) exp (−iǫκt) + Eκ(t), (3)
where Eκ(t) =
∫ t
0 dt
′ exp[−iǫκ(t − t′)]e∗κ(t′) are c-number functions. Substituting this representation into Eq. (1) we
find
Gκ,λ(t) = e
it(ǫκ−ǫλ)Gκ,λ(0) + E
∗
κ(t) 〈aλ〉 e−iǫλt +
〈
a†κ
〉
Eλ(t)e
iǫκt + Eκ,λ(t), (4)
where Eκ,λ(t) = E
∗
κ(t)Eλ(t). Generally the structure of the OPCM Ĝ(t) (here and in the following hats denote
matrices in the space of one-particle states) driven by the external source depends on time nontrivially. The last three
terms in Eq. (4) may lead to variation of entanglement depending on the structure of the initial state. If, however, the
system is initially in the vacuum state, i.e. Ĝ(0) = 0, then Ĝ(t) = Ê(t), where Ê(t) is the matrix with the elements
Ekq(t). In turn Ê(t) is at most of rank one implying the absence of entanglement.
This example shows that the problem of the dynamics of entanglement should be treated with certain care. First,
the naive arguments based on the picture of interference of different paths may be misleading. Second, no matter how
complex is the internal dynamics of the system described by the spectrum, ǫκ, and independently on particular time
dependence of the external excitation eκ(t), the states, reached out of vacuum under the action of this excitation, are
disentangled. In particular, the initial state, which may lead to a nontrivial time dependence of entanglement, as has
been mentioned above, must be created by other means than the external classical excitation.
The rest of the paper is organized as follows. In Section II we provide more detailed description of entanglement
in the context of quantized fields. In Section III we consider the entanglement dynamics for the system of linearly
coupled boson fields. In Section IV we study entanglement for the case of two-mode self-interacting boson field.
Finally, in Section V we apply the obtained results to the analysis of the entanglement dynamics for the two-mode
Jaynes-Cummings model.
3II. ENTANGLEMENT WITHIN FIELD AND PARTICLE PICTURES
Some results presented in Sections III and IV may seem to contradict results readily available in the literature.
This reflects a certain ambiguity of the notion of entanglement in the context of quantized fields. Therefore, in order
to avoid possible misunderstanding, it is useful to analyze the problem of entanglement in details.
The ambiguity stems from the fact that entanglement is understood as a relation between a part of the compound
system and the whole system, while there are two distinctive notions of the part when quantized fields are considered,
fields and particles. Which of these two different entities, fields and particles, appear more naturally is dictated
by the physical content of the specific problem. For example, if a system of harmonic or unharmonic oscillators is
considered24, individual oscillators (i.e. fields) stand out as the part of the big system, while, say, dynamics of excitons
in semiconductors9,11,13,15,16,18 promotes consideration of particles.
An arbitrary (pure) state of a system ofM (boson) fields can be specified in terms of degrees of excitation (population
numbers) of each field
|ψ〉 =
∑
n1,...,nM
Ψn1,...,nN |n1, . . . , nM 〉, (5)
where nκ denotes the population of the κ-the field, and Ψn1,...,nM are the respective amplitudes. Equivalently, this
state can be presented in terms of the particle creation operators
|ψ〉 =
∞∑
N=0
∑
κ1,...,κN
Φκ1,...,κNa
†
κ1 . . . a
†
κN |0〉, (6)
where |0〉 is vacuum, N is the total number of particles and a†κ creates a particle in the κ-the one-particle state. Rep-
resentations (5) and (6) are equivalent if the amplitudes Φκ1,...,κN satisfy conditions that follow from the commutation
of the creation operators
[
a†κ, a
†
λ
]
= 0 and the relation between the individual fields in Eq. (5) and one-particle states
in Eq. (6), |n〉 = (a†)n |0〉/√n!.
While representations (5) and (6) are equivalent they imply different notions of “locality”. This follows simply from
the following observation. An operator acting on a particular field in Eq. (5) does not preserve the total number of
particles unless it’s proportional to identity operator. At the same time an operator, which changes the state of one
particle in Eq. (6), obviously affects the population numbers of more than one field. In turn, entanglement strongly
relies on the notion of locality and, therefore, is sensitive to the choice of eligible local transformations. This compels
to draw a distinction between representations (5) and (6). For this reason we will call representation (5) the field
picture and Eq. (6) will be referred to as the particle picture. Most of the papers dealing with entanglement in the
field context are effectively restricted to one of the pictures implied by the physical situation. This, however, leads
to possible ambiguities because results are often formulated in some general terms (entanglement, part, compound
system and so on), which are identical for both pictures. Entanglement, however, does depend on the picture, as is
suggested by the nonequivalence of the notions of locality and will be demonstrated below.
Within the field picture, if the general form of operators acting on a particular field is allowed, entanglement is
naturally related to separability of amplitudes Ψn1,...,nM . In systems with superselection rules
25 the space of allowed
operators is “smaller” and the operators, whose mean value is extremal at the particular state, may not be accessible.
From the perspective of witness ideology this means that such state should be considered as entangled. For such
systems, therefore, one needs criteria of entanglement different from mere separability of the respective amplitudes.
This problem, however, goes beyond the scope of the present paper.
In order to quantify entanglement of the κ-th field with the rest of the system, i.e. with the other fields, it is
convenient to introduce the reduced density matrix
ρ
(κ)
n,n′ =
∑
n1,...,nN
〈n1, . . . , nκ−1, n, . . . , nM |ψ〉〈ψ|n1, . . . , nκ−1, n′, . . . , nM 〉, (7)
where the summation excludes nκ. If the rank of the reduced density matrix ρ
(κ)
n,n′ is higher than one, we have
entanglement, which can be quantified, for example, by the von Neumann entropy. Thus, entanglement in the field
picture fits the canonical quantum mechanical description based on separability of the amplitudes and agrees with
the general witness ideology.
Within the particle picture, however, one has to rely upon the witness approach heavier due to indistinguishability
of individual particles, which makes the separability property of amplitudes Φκ1,...,κN an inadequate criterium. The
quantity of main interest becomes the one-particle correlation matrix
Gκ,λ =
〈
a†κaλ
〉
, (8)
4which is related to the amplitudes Φκ1,...,κN in rather complex way. The one-particle density matrix (OPDM) is defined
as properly normalized correlation matrix ρ̂ = Ĝ/Tr[Ĝ]. After the normalization one can quantify entanglement in
the particle picture using von Neumann entropy of OPDM
EN [ρ̂] = −Tr [ρ̂ log(ρ̂)] . (9)
One can easily check that when the system immediately admits the standard description (e.g. when all particles are
distinguishable, i.e. all κi in Eq. (6) are different and the field and particle pictures are identical) the approach based
on Eqs. (8) and (9) yields results consistent with this description. Of course, OPDM may only answer questions
regarding entanglement of a single particle with the rest of the system. If one is interested in more subtle details,
such as, for instance, entanglement in pairs, one has to look at the density matrices of higher order, say, two-particle
density matrices for pairs. We, however, limit ourselves to studying the basic properties of entanglement and for this
purpose it suffices to consider OPDM, which can be shown to yield the upper bound for entanglement in the system.
The necessity to distinguish entanglement within different pictures is illustrated by the states with amplitudes (in
the field picture) being separable
Ψn1,...,nN =
M∏
i=κ
ψ(κ)nκ (10)
and for each field only amplitudes of the same parity are not zero, for example, ψ
(κ)
2n = 0 for all κ and n ≥ 0. These
states are disentangled within the field picture; they, however, may be completely entangled within the particle picture.
Indeed, the off-diagonal elements of the OPDM vanish for such states and if, additionally, the amplitudes ψ
(κ)
2n+1 are
chosen in such manner that the average number of particles in each state (the degree of excitation of each field) is
the same,
〈
a†κaκ
〉
= const, then the von Neumann entropy takes the maximal value implying maximal entanglement
within the particle picture.
The example of opposite situations is presented by single-particle entanglement,20 when, say, Ψ1,0Ψ0,1 6= 0 while all
other amplitudes in Eq. (5) are zero. These states are obviously entangled within the field picture while disentangled
in the framework of the particle picture.
For more detailed comparison of different pictures we show that the states disentangled within both, field and
particle, pictures constitute the special class and this class is not particularly rich. Besides the states with only
excitations of one field, when trivially there is nothing to entangle (we would like to remind that we consider the case
without superselection rules), these are canonical coherent states.26–28
First of all we describe all disentangled states within the particle picture. The main result here is almost obvious:
particles are disentangled within the particle picture if and only if they all are in the same state. In order to prove
this statement (nontrivial in the part that there are no other disentangled states) it is convenient to introduce special
notations. In the context of the particle picture operators a†κ and aκ create and destroy particles in the respective
one-particle states enumerated by the index κ, which constitute the one-particle Hilbert state H . For simplicity we
assume that the dimension of H is finite, M . This assumption is not crucial for the following consideration while
allows us to avoid some formal complications.
We introduce a vector-operator a with components (a)κ = aκ. The commutation relation in terms of the vector-
operators can be formally written as
[
a
†, a
]
= −1̂. These are vectors in the following sense. The choice of a different
set of basis one-particle states in space H corresponds to a linear transformation of H , which translates into choosing
a different set of operators bλ linearly related to the old set
bλ =
∑
κ
aκUκ,λ (11)
or b = aÛ . The commutation relation for new operators can be shown to have the form
[
b
†,b
]
= −Û †Û . Thus,
in order to satisfy the boson commutation relation the vector-operators b and a must be related through a unitary
transformation. These transformations, in particular, preserve the operator of the total number of particles. This can
be illustrated presenting the operator as N =∑κ a†κaκ ≡ Tr (a† ⊗ a). Here and below in this section ⊗ denotes the
product
(
a
† ⊗ a)
κ,λ
= a†κaλ, which transforms as a tensor.
The reason why we have introduced vector-operators is that OPCM also transforms as a tensor〈
b
† ⊗ b〉 = Û † 〈a† ⊗ a〉 Û , (12)
i.e. Ĝ is mapped into Û †ĜÛ . Thus, unitary transformations do not change the spectrum of OPCM and, due to
invariance of N , they leave entanglement intact.
5The important consequence of this geometrical picture is that it immediately provides the description of all disen-
tangled states. OPCM is a Hermitian matrix and, therefore, can be diagonalized by a unitary transformation implying
the existence of the preferred set of operators. In turn, OPCM of any disentangled state in the diagonal form has
only single non-zero element. Thus, choosing the appropriate transformation we can have only
〈
b†1b1
〉
6= 0 while all
other elements of OPCM are zero. The only states yielding such OPCM are of the form
|ψ〉 =
∑
n
φn√
n!
(
b†1
)n
|0〉 , (13)
where
∑
n |φn|2 = 1. Using relation (11) we can expand b†1 =
∑
κ U
∗
κ,1a
†
κ. As follows from unitarity the single column
of a unitary matrix is a unit vector. Denoting this vector by S and defining the “scalar” product S · a† ≡ ∑κ Sκa†κ
we can parametrize all disentangled states
|ψS(φ1, . . .)〉 =
∑
n
φn√
n!
(
S · a†)n |0〉 (14)
by a set of amplitudes φn and a vector on the unit sphere in C
M (or in the one-particle Hilbert state).
Once we’ve established the general form of disentangled states in the particle picture we may proceed and find
which of those are disentangled in the field picture. In order to find amplitudes Φn1,...,nM = 〈n1, . . . , nM |ψS〉 we first
notice that only the term with the same total number of particles n =
∑
i ni in Eq. (14) into Φn1,...,nM and from the
polynomial expansion of this term we need only one term with matching population numbers for each field. Thus we
find
Φn1,...,n2 = φn
√
n!
∏
κ
Snκκ
√
nκ! (15)
with n =
∑
κ nκ and the important convention that S
0
κ = 1 even if Sκ = 0. It follows from Eq. (15) that there are only
two possibilities to have separability of Φn1,...,nM . The first one is when all but one Sκ are zero. This corresponds to
the trivial case when only the single type of fields is excited. The second possibility is when φn = cα
n/
√
n! with some
complex numbers c and α. Substituting these amplitudes into Eq. (14) and enforcing the normalization condition we
find that all states disentangled in both, field and particle, pictures can be presented as
|ψS(α)〉 = exp
(
αS · a† − α∗S∗ · a) |0〉 . (16)
These are canonical coherent states: they satisfy the equation S∗ ·a |ψS(α)〉 = α |ψS(α)〉. It is interesting to emphasize
a relation with the example considered in the Introduction. Hamiltonian (2) is diagonalized introducing operators
bκ = aκ+ eκ/ǫκ, which are obtained by employing Glauber’s shift operator exp(αS · a† −α∗S∗ · a) with αSκ = eκ/ǫκ.
This, in particular, proves that states reached from vacuum under classical excitation are disentangled within both
pictures.
The general “inverse” problem of relation between entanglement and the structure of respective states does not
succumb to such simple analysis and requires consideration, which goes far beyond the objectives of the present
publication. Therefore we limit ourselves to explicit description of a few sets of completely entangled states.
In Section IV states of NOON type appear. While these states were introduced for qubits29 they can be defined in
a more general setup as follows. Let vectors S(κ), κ = 1, . . . ,M form a basis in CM , then NOON states of N particles
with M dimensional one-particle Hilbert space is
|NOON〉 = 1√
MN !
∑
κ
eiχκ
[
S(κ) · a†]N |0〉 , (17)
where we have added phase factors eiχκ in order to allow for sign variation between different terms in the sum. These
factors, however, can be incorporated into the basis vectors S(κ)→ S(κ)eiχκ/N . Thus, taking account that different
rearrangements of S(κ) produce the same state, the manifold of NOON states is isomorphic to SU(M)/SM , where
SM is the symmetric group (group of all permutations of M elements).
It should be noted that NOON states do not exhaust all completely entangled states. In order to see this it is
useful to present NOON states as they appear in a more general context. The natural representation of SM on the
basis S(κ) has the form T (g)S(κ) = S(g−1κ) for any g ∈ SM . Taking any 1 ≤ κ ≤ M NOON states can be defined
in terms of the orbits
|NOON〉 =
√
M
M !
√
N !
∑
g∈SM
[
S(g−1κ) · a†]N |0〉 , (18)
6where we have taken into account that the orbit g−1κ on {1, . . . ,M} visits each element (M − 1)! times as g runs
over SM . Using the same approach another set of completely entangled states can be constructed for N > 3. For any
pair 1 ≤ κ, λ ≤M such that λ 6= κ states
|N − 1, 1〉 =
√
M
M !
√
(N − 1)!
∑
g∈SM
[
S(g−1κ) · a†]N−1 S(g−1λ) · a† |0〉 (19)
are completely entangled. This makes an interesting connection between completely entangled states (constituting a
straightforward generalization of Dicke states30,31) and irreducible representations of symmetric group SN .
These observations suggest that the natural framework for dealing with entanglement in particle picture is provided
by the language of irreducible representations of SU(M) Lie groups. For example, in the case of two-dimensional
one-particle Hilbert space (e.g. photons characterized by two “+” and “−” polarizations) it is convenient to employ
Schwinger’s model of angular momentum32 and to introduce
Jx = 1
2
(a†+a− + a
†
−a+),
Jy = 1
2i
(a†+a− − a†−a+),
Jz = 1
2
(a†+a+ − a†−a−),
(20)
which satisfy the commutation relation of su(2) algebra [Jκ,Jλ] = iǫκ,λ,µJµ with ǫκ,λ,µ being completely antisym-
metric tensor. Together with operator J0 = (a†+a+ + a†−a−)/2 these operators provide a representation of OPDM
ρ̂ =
3∑
i=0
σi 〈Ji〉 , (21)
where σi with i = 1, 2, 3 are Pauli matrices and σ0 is the identity matrix. As we will show below, in this case
entanglement is unambiguously expressed in terms of
∑3
i=1 〈Ji〉2 = J2, that is a quantity determined completely by
the generators of the Lie algebra.
III. ENTANGLEMENT TRANSFER BETWEEN COUPLED FIELDS
We begin our analysis from considering the dynamics of entanglement for a simple but important case of linearly
coupled fields described by the Hamiltonian
H =
∑
k
ǫ
(a)
k a
†
kak +
∑
κ
ǫ(b)κ b
†
κbκ +
∑
k,κ
(
dk,κa
†
kbκ + d
∗
k,κb
†
κak
)
, (22)
where k and κ enumerate the modes of the fields, ǫ
(a)
k , ǫ
(b)
κ and dk,κ are the spectra of the fields and the coupling
constants between them, respectively, and the operators ak and bκ are assumed to obey the boson commutation
relations.
The important feature of the time evolution of entanglement in this system is that the total entanglement remains
constant and is solely determined by the initial state. For more precise formulation, instead of the operators ak and
bκ let us introduce the combined operators ui. That is instead of two fields with two sets of modes Ma and Mb we
consider the single field, whose modes are the direct sum Ma ⊕Mb. Thus ui ≡ aki if i ∈ Ma and ui ≡ bκi if i ∈ Mb.
For field u we define the OPCM
Gij(t) =
〈
u†i (t)uj(t)
〉
. (23)
When both i and j belong to, say, Ma the respective matrix elements Kij(t) give the OPCM for field a and so on.
Furthermore, let the matrix K̂ have the spectral representation
Ĝ(t) =
∑
l
λl(t)vl(t)⊗ vl(t), (24)
7where λl and vl are the eigenvalues and the unit eigenvectors of K̂, respectively, and ⊗ denotes the tensor product,
which is defined as (v ⊗ v′)ij = v∗i v′j . Then the total entanglement is defined as the von Neumann entropy
EN (t) = −
∑
l
λ˜l(t) log
[
λ˜l(t)
]
, (25)
where λ˜l(t) = λl(t)/
∑
m
λm(t).
The important feature of systems with linear coupling between fields is that the total entanglement remains constant
and is determined by the initial state EN (t) = EN (0). Therefore, the entanglement evolution restricts purely to its
redistribution between the fields. This result while specific for the particle picture (thus contrasting the results
obtained, e.g. in Refs. 24 and 33) holds in a more general context agreeable with the description of entanglement
in terms of irreducible representations of SU(M) Lie groups. Therefore, we prove it for a system described by the
Hamiltonian
H =
∑
ij
hiju
†
iuj , (26)
with hermitian ĥ and pairs of field operators obeying the commutation relation
[u†iuj, u
†
kul] = u
†
iulδkj − u†kujδil. (27)
The total entanglement is again the von Neumann entropy of the OPCM, Gij(t), which satisfies
∂
∂t
Ĝ(t) = i
[
ĥ, Ĝ
]
. (28)
The spectrum of matrices, whose time dependence is governed by such equations with the commutator in the r.h.s.,
does not change with time. Indeed, the solution of Eq. (28) has the form Ĝ(t) = exp(iĥt)Ĝ(0) exp(−iĥt). Thus due to
unitarity of exp(iĥt) the spectral representation of Ĝ(t) is given by Eq. (24) with constant λl and only the eigenvectors
are functions of time. This implies that entanglement is an integral of motion.
For example, if initially there was only single non-zero eigenvalue (i.e. entanglement was zero) it remains the only
one later on implying no production of entanglement. The same result holds for the OPCM corresponding to either
fields a or b. Indeed, the OPCM of the field a is obtained from the OPCM of the combined field u applying the
respective projection operators, Π̂a, so that
Ĝ(a) = Π̂aĜΠ̂a. (29)
Using for Ĝ its spectral representation one can see that such projection cannot increase the rank of the OPCM.
At the same time the circumstance that the time evolution of entanglement of specific particles is determined by
the projections of the total OPCM results in non-trivial time evolution of initially entangled state. As an example let
us consider the situation of small total entanglement, more specifically, when there are only terms with l = 1 and 2
in Eq. (24) with λ1 ≫ λ2. According to Eq. (29) the OPCM for the field a is given by
Ĝ(a) = λ
(a)
1 (t)v
(a)
1 (t)⊗ v(a)1 (t) + λ(a)2 (t)v(a)2 (t)⊗ v(a)2 (t), (30)
where v
(a)
l
= Π̂avl/
∣∣∣Π̂avl∣∣∣ and λ(a)l (t) = λl ∣∣∣Π̂avl∣∣∣2. Thus, the value of entanglement depends on the magnitude of
the projections Π̂avl, which is determined by the internal dynamics of the coupled fields. In particular, if
∣∣∣Π̂avl∣∣∣≪ 1
one may have λ
(a)
1 (t) ∼ λ(a)2 (t) resulting in the significant entanglement of particles a, either with each other or with
particles b. For more concrete information one has to take into account that, generally speaking, Eq. (30) may not be
the spectral representation of the matrix Ĝ(a) because the vectors v
(a)
1 (t) and v
(a)
1 (t) are not necessarily orthogonal.
Let θ(t) = |v(a)1 (t) · v(a)2 (t)|2, then the eigenvalues of Ĝ(a) are found to be
λ˜
(a)
1,2 =
1
2
(
λ
(a)
1 + λ
(a)
2
)
± 1
2
√(
λ
(a)
1 − λ(a)2
)2
+ 4λ
(a)
1 λ
(a)
2 θ(t). (31)
Thus, if at some particular instant one has λ
(a)
1 (t) ≈ λ(a)2 (t) then, depending on the details of the dynamics of the
eigenvectors, one may have E
(a)
N ≈ 1. Strong entanglement is produced when the “weak” component of the OPCM
8∼ λ2 is transferred more effectively than the major component ∼ λ1, whose only small part is moved into the field a
during the evolution. At the same time, as can be seen from Eq. (31) after slight change of notations, such spike of
entanglement between particles a is accompanied with disentanglement of particles b.
The main condition for this geometric effect is the smallness of the projection of the respective eigenvector of
the total OPCM. As a result the characteristic feature of the OPCM of strongly entangled states in this case is
Tr[Ĝ(a)] ≪ Tr[Ĝ] = Tr[Ĝ(a)] + Tr[Ĝ(b)]. That is the states with E(a)N ≈ 1 developed from the states with low total
entanglement are characterized by low excitation, while the strongly excited field, say the field b in the considered
example, for which one has Tr[Ĝ(b)] ≈ Tr[Ĝ], remains only weakly entangled.
The fact that entanglement of the specific particles is determined by the projections of the total OPCM may lead
not only to increased entanglement of the particles but also to disentanglement. Indeed, if for the OPCM given by
Eq. (24) with l = 1, 2 at some instant the vectors v1 and v2 belong to different subspaces (say, Π̂av1 = v1 and
Π̂bv2 = v2) then entanglement of particles of both sorts, a and b, are zero. One can understand this effect introducing
the isospin quantum number, so that one value of isospin corresponds to the particle a and another one stands for the
particle b. Such situation, when non-zero total entanglement coexists with zero entanglement as seen from specific
particles’ OPCM, corresponds to entanglement stored in isospin.
These effects are of general nature and don’t depend on the number of particles and may play the important role
for the dynamics of entanglement in specific systems, for example, the time dependence of entanglement of initially
entangled light in a leaky cavity.
IV. ENTANGLEMENT PRODUCED BY INTERACTION
Simple linear coupling of the quantum fields does not suffice for the fields to become entangled. The situation,
as we show in the present section, is different when there is an interaction in the system, that is when the energy
depends non-linearly on the number particles. More specifically, we consider the self-interacting two-mode boson field
described by the Hamiltonian
H =
∑
κ=+,−
ǫκa
†
κaκ +
∑
κ=+,−
Uκa
†
κa
†
κaκaκ + U+−a
†
−a
†
+a+a−. (32)
Here the first two terms describe the internal dynamics of the modes with ǫκ and Uκ being the energies of the modes
and the interaction parameters, respectively, and the last term represents the interaction between the modes, which
is chosen in the form preserving the number of particles within each mode.
Before we apply the general ideology set in Section II, we consider the two-particle case, which provides the clear
connection with the standard quantum-mechanical consideration. In the basis of the population numbers any two-
particle state can be presented as
|ψ〉 = α2,0 |2, 0〉+ α1,1 |1, 1〉+ α0,2 |0, 2〉 , (33)
where |n+, n−〉 denotes the state with n+ particles in the “+”-mode and n− particles in the “−”-mode, and αn+,n−
are the respective amplitudes. Alternatively the state can be presented as22
|ψ〉 =
∑
κ,λ
wκ,λa
†
κa
†
λ |0〉 , (34)
where |0〉 is vacuum and wκ,λ is a symmetric matrix. Comparing Eqs. (33) and (34) one finds w++ = α2,0/
√
2,
w−− = α0,2/
√
2 and w+− = α1,1/2. From Eq. (34) one obtains the OPCM
Ĝ = 4ŵ†ŵ. (35)
The OPCM is a 2× 2 matrix and, therefore, its eigenvalues are completely determined by its determinant det[Ĝ] =
λ1λ2 and its trace Tr[Ĝ] = λ1 + λ2 = N with N being the number of particles. Entanglement, in turn, is determined
by the normalized eigenvalues λ˜1,2 = λ1,2/N , which are found as
λ˜1,2 =
1
2
± 1
2
√
1−
∣∣∣∣2CN
∣∣∣∣2 (36)
9where |C|2 = det Ĝ is the concurrence34. In order to see the relation with the standard definition of the concurrence
in the two-particle case we introduce the “spin flip” transformation σy |+〉 = −i |−〉, σy |−〉 = i |+〉 and the spin flip
state
∣∣∣ψ˜〉 = (σy ⊗ σy |ψ〉)∗, then
C = 〈ψ˜|ψ〉 = 4det[ŵ]. (37)
Thus the two-particle case completely fits into the canonical quantum-mechanical description.
In terms of amplitudes ακ,λ the concurrence is expressed as
C = 2α2,0α0,2 − α21,1. (38)
For a two-particle state to be disentangled the amplitudes have to meet the condition C = 0. Let initially the state
be disentangled. It is seen that this condition not necessarily holds for all t > 0 if the dynamics of the system
inhomogeneously depends on the population numbers. Since the Hamiltonian (32) conserves the number of particles
in each mode, the states |n+, n−〉 are the eigenstates and the time dependence of the amplitudes can be easily found
αn+,n−(t) = exp
[−it (n+ǫ+ + n−ǫ− +∆ǫn+,n−)]αn+,n−(0), (39)
where ∆ǫn+,n− = U+n+(n+ − 1) + U−n−(n− − 1) + U+−n+n−. Substituting Eq. (39) into Eq. (38) we find for an
initially disentangled state
C(t) = 2iα21,1(0)e
−iΩt sin(ωt), (40)
where Ω = 2ǫ+ + 2ǫ− + U+ + U− + U+− and
ω = U+− − U+ − U− (41)
defines the typical time scale of the entanglement dynamics.
Several interesting conclusions can be drawn from this result. First, entanglement oscillates between 0 and the
maximum value determined by the contribution of |1, 1〉 into the initial state. The origin of the oscillations can be
traced to the structure of the concurrence, Eq. (38), and the frequencies of the many-body amplitudes in Eq. (39).
The interaction leads to the energy shifts ∆ǫnm, which depends on the population of the particular modes. The phase
mismatch between the amplitudes results in the nontrivial time dependence of |C(t)|2.
Second, the interplay between the effects of the intra-mode, ∝ Uii, and inter-mode, U+−, interactions is not
straightforward. Let the interaction between the modes be absent, U+− ≡ 0. As follows from Eq. (40), even in this
case initially disentangled states become entangled.
The related effect is the mutual cancelation of the phase desynchronization if U+− = U+ + U−, when despite the
interaction, which changes the energies of the many-body states comparing to multiples of the single-particle states,
initially disentangled states remain disentangled.
The two-particle case is useful for establishing the relation with the standard description of entanglement. How-
ever, in order to grasp the general structure of entanglement dynamics for the quantum field with interaction it is
constructive to consider more general case with an arbitrary (but definite) number of particles N . This is when
the approach based on irreducible representations of the Lie algebra su(2) becomes especially useful. We introduce
the operators of components of angular momentum (see Eq. (20)) and enumerate the states by the total angular
momentum j = (n+ + n−)/2 and its projection m = (n+ − n−)/2 instead of the population numbers n+ and n−, so
that |n+, n−〉 = |j,m〉S . In the following we will omit the index S for brevity.
Expressing the OPCM in terms of the mean values of the operator of the angular momentum one finds the concur-
rence |C(t)|2 = N2/4− | 〈J(t)〉 |2, so that the normalized eigenvalues of the OPCM can be expressed as
λ˜1,2 =
1
2
(1± J˜), (42)
where J˜ = 2| 〈J〉 |/N . Thus, entanglement can be written as EN = F (J˜), where
F (x) =
1
2
∑
n=1,2
[1 + (−1)nx] log2 [1 + (−1)nx] . (43)
In particular, completely entangled states are characterized by | 〈J〉 | = 0 and disentangled ones are those with |〈J〉| = j.
This, of course, agrees with the general result expressed by Eq. (14) (taken for the case of fixed number of particles).
Indeed, 〈J〉 transforms under rotations as a 3d vector, hence, one can choose a new frame such that 〈Jx〉 = 〈Jy〉 = 0
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and, respectively, 〈Jz〉 = j. Thus in this frame the disentangled state has the simple form |j, j〉 = (b†)N |0〉 /
√
N ! (cf.
Eq. (13)). Conversely, any disentangled state can be obtained by rotating the state |j, j〉 in a fixed frame
|ψ(β1, β2)〉 = exp(−iJzβ1) exp(−iJyβ2) |j, j〉 , (44)
where βi are the Euler angles and we have omitted the redundant rotation around z-axis. Thus disentangled states
with definite number of particles are coherent spin states.26,27
In terms of the operator of angular momentum Hamiltonian (32) can be presented as
H = f1 + f2Jz + ωJ 2z , (45)
where ω is given by Eq. (41) and f1 = N
∑
k ǫkUk/2+N 2(U++U−+U+−)/4 and f2 = ǫ+− ǫ−+ (U+−U−)(1 +N )
depend on the total number of particles, N = a†+a+ + a†−a−, and are irrelevant for the entanglement dynamics.
As follows from Eqs. (42) and (45) the dynamics of entanglement is subject to the general constraint 〈Jz(t)〉 =
〈Jz(0)〉, which follows from [H,Jz] = 0. Thus, the variation of entanglement is determined by the change with time
of the “transversal” component J2⊥(t) = 〈Jx(t)〉2 + 〈Jy(t)〉2 = 〈J+(t)〉 〈J−(t)〉, where J±(t) = Jx(t) ± iJy(t). In
particular, this imposes the upper limit on the value of entanglement produced by the interaction, EN (t) ≤ E(max)N =
F [〈Jz(0)〉 /j].
Let us consider the dynamics of initially disentangled states. Rotations around the z-axis do not affect J2⊥ and,
therefore, the dynamics of entanglement of the states related through such rotations are identical. Hence, it suffices
to consider only states |ψ(β)〉 = |ψ(0, β)〉. From [H,Jz ] = 0 it follows that
〈Jz(t)〉β = j cos(β), (46)
where the index β emphasizes the structure of the initial state, i.e. 〈. . .〉β = 〈ψ(β)| . . . |ψ(β)〉. The nontrivial part of
the time dependence of 〈J±(t)〉β is given only by the last term in Eq. (45) because the first two terms yield only the
phase factor, which does not contribute to J˜2(t). Thus we can simplify the discussion considering H0 = ωJ 2z instead
of full Eq. (45). Next, we notice that the solutions of the operator equations of motion J˙±(t) = i[H0,J±(t)] have the
form
J±(t) = exp (−iωt± 2iωJzt)J±. (47)
Using these solutions we obtain (see Appendix A for the details)
J˜2 =cos2(β)+
+ 4 sin2(β/2) cos2N−2(θ/2)
× ∣∣eiγ sin(β/2) sin(θ/2) + cos(β/2) cos(θ/2)∣∣2 , (48)
where sin(θ/2) = sin(β) sin(ωt) and cot(γ) = cos(β) tan(ωt). The overall dependence of J˜ on time and on the structure
of the initial state parametrized by the angle β is shown in Fig. 1. We would like to note that the normalized angular
momentum J˜ determines the linear entropy EL = 2(1 − Tr[ρ̂2]) in a simple way EL = 1 − J˜2. In turn, the overall
profiles of EL(t) and EN (t) are very similar, as illustrated by Fig. 1b, and, therefore, one can infer the general features
of entanglement directly from J˜(t).
It follows from Eq. (48) that for β 6= 0 or π the transverse component of the effective angular momentum oscillates
with the period T = 2π/ω. The maxima of J˜ , which, according to Eq. (42), correspond to the minima of entanglement,
are reached at tmin = Tn/2 with integer n. As follows from Eq. (48), J˜(tmin) = 1 yielding EN = 0 in agreement with
the definition of the states |ψ(β)〉. There are two sets of maxima of entanglement (see Fig. 1c) at t(1)max = (1/4 + n)T
and t
(2)
max = (3/4 + n)T , where one has
J˜2(t(1)max) = cos
2(β) + sin2(β) cos2N−2(β),
J˜2(t(2)max) = cos
2(β) + 4 sin2(β/2) cos2(3β/2) cos2N−2(β),
(49)
respectively. One can see that J˜2(t
(1)
max)/J˜2(t
(2)
max) ≥ 1. With increasing the number of particles the ratio monotonously
tends to 1.
In order to better understand the effect of the number of particles on the time evolution of entanglement we
consider the case β = π/2, that is the case of initially disentangled states with symmetrically populated modes
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FIG. 1. Dependence of entanglement of of the two-mode self-interacting boson field model on time and on structure of the
initial disentangled four-particle state. (a) Normalized angular momentum J˜(β, t) as a function of time (in units ω−1) and
angle β characterizing the initial state. (b) Time dependence of linear entropy EL = 2(1−Tr[ρ̂
2]) (solid line) and von Neumann
entropy EN = −Tr[ρ̂ log2 ρ̂] (dotted line) for β = pi/2 (when 〈Jz〉 = 0). Different measures of entanglement follow very close
each other. (c) Time dependence of entanglement EN (t) for β = pi/4.
(〈ψ| Jz |ψ〉 = 0). Up to rotation around z-axis these are the only states (among initially disentangled ones) that yield
maximum entanglement EN = 1 in the course of time evolution. From Eq. (48) one finds that for these states
J˜2 = cos2N−2(ωt). (50)
The time dependence of entanglement following from Eq. (50) has two specific features. First, this is the periodic
function of time. Entanglement considerably changes (practically from 1 to 0 and back) within the vicinities tmin.
When the number of particles increases these regions narrow. It is constructive to consider the limiting form of the
time dependence when the number of particles becomes very large. In the limit N ≫ 1 one can approximate (see
Appendix A)
J˜2(t) ≈
∞∑
n=0
exp
[−(N − 1)(ωt− πn)2] . (51)
Thus, away from the points where J˜(t) = 0, it can be regarded as the sequence of the Gaussian bumps localized
near tmin. As a result, when
√
N ≫ 1 one can consider the system as spending most of the time in states with high
entanglement, EN ≈ 1.
The Gaussian decay of J˜(t) is similar to the Gaussian decay of coherence of central system,35,36 two spins 1/2
coupled to the bath. In particular, the same dependence of the decay rate on the number of particles ∝ √N in the
environment [notice N − 1 in Eq. (51)] should be emphasized. There are, however, two important differences between
this situation and our case. First, the Gaussian decay for the case of central system appears in the limit of slow
dynamics of the environment. In the opposite limit the decay follows the Lorentsian law and in the intermediate case
both types of decays present at different time scales.37 For the two-mode boson field it is meaningless to separate
particular particles and environment due to indistinguishability, however, it is worth noting that J˜(t) does not depend
on the single-particle energies. The second important difference is that the concurrence of the two-mode boson field
exhibits oscillations while the loss of coherence of the central system is irreversible.
Despite the complex structure of the whole manifold of completely entangled states, the maximal entangled states
reached in the course of evolution described by the Hamiltonian H0 = ωJ 2z are simple and belong to the class of
NOON-states. The maximal entanglement is reached for the first time at ωt = π/2, when the state of the system can
be presented as
|χ〉 =
j∑
m=−j
e−im
2π/2 |j,m〉 dm,j(π/2), (52)
where dm,j(θ) = 〈j,m| exp(−iJyθ) |j, j〉.
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First we consider the case of integer j. The amplitudes χm = e
−im2π/2 are 1 and −i for even and oddm, respectively,
and can be presented as
χm =
1√
2
(
e−iπ/4 + (−1)meiπ/4
)
. (53)
Next, we write (−1)m = i2j(−1)m−j and use the symmetry dm,−j(π/2) = (−1)m−jdm,j(π/2). Now we can sum over
m and obtain
|χ〉 = e−iJyπ/2e−iJzπ/(4j) 1√
2
[|j, j〉+ i2j |j,−j〉] . (54)
These are NOON-states as they were defined in Eq. (17): the basis vectors spanning the state are obtained by rotating
S(1) = (1, 0) and S(2) = (0, i).
For the case of half-integer j we introduce m˜ = m− 1/2 so that e−im2π/2 = exp(−iπ/8− iπm/2− iπm˜2/2). Now
the same arguments as above can be repeated leading to
|χ〉 = e−iJzπ/2e−iJyπ/2e−iJzπ/(4j) e
iπ/8
√
2
[|j, j〉+ i2j−1 |j,−j〉] . (55)
So far in this section we have considered the case when states of the system are characterized by a definite number
of particles. In order to give a complete description how entanglement is produced for initially disentangled states
it is constructive to include into consideration states that are initially disentangled within both, field and particle,
pictures. As has been shown in Section II, these are (Glauber’s) coherent states and in accord with Eq. (14) they can
be presented as
|ψ(t = 0)〉 = e−|α|2/2
∞∑
N=0
αN√
N !
|ψN (S)〉 , (56)
where α is a complex number and |ψN (S)〉 are states with N = 2j particles in the same state characterized by vector
S. Following Eq. (44) all such states are obtained by the same rotations of respective |j, j〉 states.
Since operators of angular momentum Jx,y,z preserve the total number of particles the average values 〈Ji〉 are
simply found as weighted sum of contributions from components with definite number of particles
〈Ji〉 = e−|α|2
∑
N
|α|2N
N !
〈Ji(t)〉N , (57)
where 〈Ji(t)〉N is the average taken within the N -particle “sector” — 〈Ji(t)〉N = 〈ψN (S)| Ji(t) |ψN (S)〉.
As well as before the maximum value of entanglement can be reached if the initial state satisfies 〈Jz〉 = 0, that is
if |ψN (S)〉 is obtained by rotating around y axis by π/2. For this case we obtain
〈J+(t)〉 = |α|
2
2
exp
[−iωt− 2|α|2 sin2(ωt/2)] (58)
and 〈J−(t)〉 = 〈J+(t)〉∗. Taking into account that the average number of particles is related to parameter α by
〈N〉 = |α|2 we obtain for the normalized angular momentum J˜ = 2| 〈J+〉 |/ 〈N〉
J˜(t) = exp
[−2 〈N〉 sin2(ωt/2)] . (59)
Similarly to the case considered before J˜(t) for 〈N〉 ≫ 1 has a form of a periodic sequence of Gaussians centered
at t = 2πn/ω with integer n. The significant difference is that owing to contribution of one-particle (obviously
disentangled within the particle picture) states, the smallest value reached by J˜(t) is J˜min = exp(−2 〈N〉) 6= 0
implying formal absence of complete entanglement. At the same time it should be noted that when J˜(t) = J˜min all
many-particle states are NOON-states.
V. ENTANGLEMENT DYNAMICS IN JAYNES-CUMMINGS MODEL
In the previous sections we have seen that the entanglement dynamics in the system of coupled quantum fields
is characterized by two specific features — redistribution of the initial total entanglement and the production of
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entanglement by self-interaction. In the present section we apply these ideas for the analysis of entanglement in a
more complex situation.
We consider a single two-level atom interacting with the quantized electromagnetic field. The electron transitions
in the atom are assumed to be characterized by definite helicity. The excitation of the electron state with the spin
down at the ground level, |g ↓〉, into the spin up state at the excited level |e ↑〉 occurs through the absorption of
“+”-polarized photon and so on. The dynamics of the system is described by the Hamiltonian of the two-mode
Jaynes-Cummings (JC) model,38 which we write down in terms of the creation and annihilation operators
H =
∑
κ
ǫ(p)κ a
†
κaκ +
∑
k
ǫ
(e)
k c
†
kck +H+ +H−. (60)
Here the first two terms describe the dynamics of the free atom and the free field, respectively, with k and κ running
over the atomic states, {g ↑, g ↓, e ↑, e ↓}, and the photon polarizations, + and −, respectively. The interaction
between the atom and photons is described by Hκ = ωκaκσ†κ + h.c., where σ†+ = c†e↑cg↓, σ†− = c†e↓cg↑ and ω± are the
respective Rabi frequencies.
The photon entanglement is defined as the von Neumann entropy of the (properly normalized) single-photon
correlation matrix with the matrix elements
Gκ,λ(t) =
〈
a†κ(t)aλ(t)
〉
. (61)
This is a 2 by 2 matrix and the problem of entanglement can be approached using the same description as in the
previous section. As well as before our main objective is to study the time evolution of entanglement of initially
disentangled photonic states. This closely corresponds to the situation when, for example, the cavity in the ground
state is pumped by an external source.
Taking into account that initially the atom is not excited the initial state of the system is presented as
|Ψ(0)〉 = |ψ(β)〉 |0〉e , (62)
where |ψ(β)〉 is a disentangled photon state obtained by rotations of |j, j〉S [see Eq. (44)] and |0〉e denotes the state
of the atom with both electrons at the ground level.
The time dependence of photon entanglement of few-photon states is highly nontrivial comparing to the few particle
states of the two-mode boson field considered in the previous section. Here we would like to note only one characteristic
feature. Drawing an analogy with the consideration of the two-particle case in the previous section one can expect
that in the present case as well the time dependence of entanglement will be determined by the mismatch between the
amplitudes of states with different population numbers. In fact, as will be evident shortly, the typical frequencies are
determined by the square roots of population numbers. Taking this circumstance into consideration one can expect
that the time dependence of the concurrence is the result of superposition of several harmonics with incommensurate
frequencies. Thus the concurrence is a quasi-periodic function with a complex profile.39
With increasing the number of photons, however, the contribution of specific frequencies becomes less important
and the overall shape of J˜(t) changes toward some general regular pattern as illustrated in Fig. 2. In order to describe
it we use the explicit form of Heisenberg representation for the photon operators aκ(t) = exp(itHκ)aκ exp(−itHκ).
Taking into account the separability of polarizations dynamics we have40
aκ(t) = e
−iǫ(p)κ t+iCκt
{[
cos
(C¯κt)− iCκ sin (C¯κt)C¯κ
]
aκ − i
sin
(C¯κt)
C¯κ σκ
}
, (63)
where C2κ = 14δ2κ+ω2Ra†κaκ and C¯2κ = C2κ+ω2R with δ+ = ǫ(e)e↑ − ǫ(e)g↓ − ǫ(p)+ and δ− = ǫ(e)e↓ − ǫ(e)g↑ − ǫ(p)+ being the detunings
from the resonances for +- and −-polarized transitions, respectively. It should be noted that the second term in
Eq. (63) does not contribute to Gκ,λ(t) because it vanishes while acting on the initial (ground) state of the atom.
As the consideration in the previous sections suggests, the main effect on the entanglement dynamics is due to the
coupling between the systems rather than due to their internal dynamics. Therefore, we first consider the simplest
resonant case when one may set ǫ
(e)
k = 0 and ǫ
(p)
κ = 0. Additionally we assume that the symmetry between transitions
with different helicities is not broken so that ω+ = ω− = ωR.
Due to the absorption by the atom of a single photon of either polarization 〈Jz(t)〉 varies with time in contrast to
what we had for the two-mode boson model. This variation, however, is small in the limit of large number of photons
since the interaction changes the mismatch between +- and −-polarized photons by ±1 at most. Indeed, taking into
account the identity f
(C¯κ) aκ = aκf (Cκ), which holds for any well-behaving function f , we find
〈Jz(t)〉 = 〈Jz〉+ 1
2
〈sin[(C− − C+)t] sin[(C− + C+)t]〉 , (64)
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FIG. 2. Time dependence of J˜(t) for the Jaynes-Cummings model. The time is measured in inversed coupling constant ωR. (a)
Comparison of the exact dynamics (dotted lines) with the approximation defined by Eq. (66) (dashed lines) on the long time
scale for the system with 50 (lower panel) and 200 (upper panel) photons. (b) The short time dependence for 10 particles —
the exact result (solid line) and the approximation (dashed line). The transition to the Gaussian profile occurs fairly quickly
with the number of particles. It is illustrated in inset, where the short time dependence is shown for 200 photons in log-scale.
where the average is taken over the initial photons state, 〈. . .〉 = 〈ψ(β)| . . . |ψ(β)〉. In the case when all photons have
the same polarization the interaction produces small entanglement ∼ 1/N oscillating with the frequency NωR. In
the unpolarized case, when 〈Jz〉 = 0, the last term in Eq. (64) vanishes identically because of the symmetry of such
disentangled states with respect to flipping all photon spins. In the weakly polarized case the ratio of the last term
to 〈Jz〉 remains limited from above and decreases with the number of particles ∝ 1/
√
N .
Thus, while 〈Jz(t)〉 is not a constant its total variation is small in the limit N ≫ 1. Therefore, the initial value
〈Jz(0)〉 can be considered as imposing a limitation on the highest entanglement, which can be reached. Because of
these reasons, we limit ourselves to considering in details the case when 〈Jz(0)〉 = 0, that is when the initial photon
state is given by Eq. (44) with β2 = π/2. In this case the eigenvalues of the photon OPCM, and, hence, entanglement,
are determined by the magnitude of 〈J+(t)〉. We evaluate it assuming that the main contribution is due to the states
with small m, that is due to n+ ≈ n− while n+, n− ≫ 1. This approximation improves with increasing the number
of particles.
The best way to employ this approximation is to derive the effective photon Hamiltonian directly from Eq. (63).
Taking into account that initially the atom is in the ground state we can effectively replace Eq. (63) up to terms
∝ 1/√N by ak(t) = exp(iCkt)ak exp(−iCkt), which is the Heisenberg representation induced by the Hamiltonian
H = ωR
√
j + Jz + ωR
√
j − Jz. (65)
Using the assumption regarding the main contribution due to small m we expand this Hamiltonian with respect to
Jz/j finding in the first nonvanishing order
H = ωR
√
j − ωR
4j3/2
J 2z . (66)
Comparing this expression with Eq. (45) we come to the conclusion that in this limit the photons behave as the
two-mode self-interacting boson field with the effective interaction strength ω = ωR/4j
3/2. The characteristic feature
of the effective interaction is that its intensity decreases with the number of particles ∝ 1/N3/2. This “spreading”
is caused by sharing the interaction with the single atom among all photons and leads to different dynamics of J˜(t)
comparing to what we have seen in the previous section. Using the results obtained there we find the period of the
long-scale oscillations T =
√
2N3/ωR and the decay time (or the entanglement time) τ =
√
2N/ωR (see Fig. 2a).
It should be emphasized that entanglement obtained here is a result of the effective photon-photon interaction and
cannot be reduced to entanglement in the photon-atom system or an entanglement transfer (initially the atom is in
the ground state and the state of the whole photon-atom system is separable). Entanglement is produced in the
course of multiple photons absorptions and re-emissions and, thereby, is in striking contrast with the case when only
few such processes occur.41
Fig. 2 demonstrates that as we go toward longer times the shape of the bumps changes — they become asymmetrical
and acquire the side oscillations, the revival of coherence occurs non-monotonously. The approximation we have used
misses these long-time changes, which are the reminiscent features of the quasi-periodicity mentioned above. If,
however, one restricts to the initial growth of entanglement (the drop of coherence) these features are not important,
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and one has in the limit N ≫ 1 a simple expression for initial decay of the normalized angular momentum
J˜(t) = e−(ωRt/2N)
2
. (67)
From the formal point of view the approximation leading to effective Hamiltonian (65) emerges in the limit when the
relative variation of parameters C± in Eq. (63) with the number of photons is small. The significant simplification of
dynamics in this limit takes place also for the general model (60), not necessarily in the resonant regime. In this case
the effective Hamiltonian has the form
H˜ =
√
1
4
δ2+ + ω
2
+(j + Jz) +
√
1
4
δ2− + ω
2
−(j − Jz), (68)
For initially disentangled states with 〈Jz(0)〉 ≈ 0 this expression may be expanded up to terms quadratic in Jz
yielding a Hamiltonian of the form (45). As has been noted in the previous section, the constant and linear in Jz
terms do not affect the time dependence of J˜(t), which is determined by the effective interaction parameter (the
parameter in front of J 2z )
ω = − ω+
8
(
j +
δ2+
4ω2+
)3/2 − ω−
8
(
j +
δ2
−
4ω2
−
)3/2 . (69)
Comparing with Eq. (66) one finds that in the case of symmetry between +- and −-polarized transitions, δ± = δ and
ω± = ωR, the effect of detuning from the resonance on the entanglement dynamics can be accounted by substitution
j → j + δ2/4ω2R, which shows that detuning from the resonance relaxes the requirement imposed on the number of
photons.
VI. CONCLUSION
We have considered the basic dynamics of entanglement in the system of coupled second quantized fields in the
context of the problem of solid based sources of entangled light. This compels to treat entanglement as a property of
particles, which are excitations of respective fields, rather than a property of states of fields themselves. The properties
of particles and fields are described by different quantities: many-particle density matrix and fields density matrix.
We show that while these quantities describe the same state of the physical system they yield different entanglement.
This reflects the fact that entanglement depends on the notion of locality: what is the part of the system and what is
the complement. These notions are clearly different whether we address properties of particles or fields, in other words
whether we consider the system within the particle or field picture. We show that the same state may be completely
entangled in one picture and disentangled in another. The class of states that are completely disentangled in both
pictures is very simple: these are either states when only excitations of one type are present or (Glauber’s) coherent
states. Taking these considerations into account we paid the most attention to the dynamics of entanglement in the
particle picture, which is the most relevant for the problem of solid based sources of entangled light.
The first question, which has to be answered is how is it possible to produce an entangled state of a quantum field.
The circumstance, which motivates this question, is that by a classical source entangled states (in either picture)
cannot be reached out of vacuum. Moreover, we show that in a system of linearly coupled quantized fields total
entanglement (in particle picture) conserves and its dynamics reduces to mere transfer between subsystems.
The simplest system demonstrating entanglement of initially disentangled states is the two-mode boson field with
self-interaction. Reformulating the problem using the formalism of Schwinger’s model of angular momentum we show
that there is the direct relation between J , the magnitude of the average angular momentum 〈J〉, and the concurrence.
More specifically, the states with maximum possible magnitude of the average angular momentum, or spin coherent
states, are disentangled and those with J = 0 are completely entangled, meaning that the one-particle correlation
matrix is proportional to the identity matrix.
We show that in the limit of large number of particles J(t) has the overall form of the periodic sequence of Gaussian
bumps, whose width (inverse entanglement time) decreases with the number of particles ∝ 1/√N . The interesting
feature is that entanglement is produced even if the interaction exists between the particles within the same mode
but not between different modes. This phenomenon is in the striking contrast with the standard quantum mechanical
picture, where separable dynamics cannot entangle initially disentangled particles. The origin of this effect lies in the
structure of many-body states. Because of indistinguishability of the particles one cannot say which particle belongs
to which mode. As a result only such states are disentangled whose amplitudes meet the special condition, which can
be broken if the dynamics nonlinearly depends on the number of particles.
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We apply these results for analysis of the two-mode Jaynes-Cummings model. The photon-atom interaction has
been assumed to be helicity preserving thus the dynamics of “+”- and “−”-polarized photons are separable. However,
absorption and re-emission of photons by the atom introduces an effective interaction between the photons of the
same polarizations resulting in photon entanglement. This situation provides the clear illustration of the physical
origin of entanglement for the field with apparently separable dynamics (or, say, the two-mode boson field with absent
inter-mode interaction). Due to indistinguishability all photons are always in the superposition of states with different
polarizations (except, of course, when the system is completely polarized) and, therefore, is always affected by “both
parts” of the dynamics.
We show that the effective interaction leads to the typical Gaussian drop of coherence in the limit of large number of
photons N ≫ 1. Since the interaction with the single atom is shared among the photons the strength of the effective
interaction drops ∝ 1/N3/2. This leads to prolonged both the oscillations of entanglement T =
√
2N3/ωR and the
entanglement time τ = N
√
2/ωR.
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Appendix A: Evolution of the transversal angular momentum
For different situations considered in the main text we need the value of the typical matrix element
J+(φ, β) = 〈ψ(β)| exp(iJzφ)J+ |ψ(β)〉 , (A1)
where |ψ(β)〉 = exp(−iJyβ) |j, j〉S .
Using the transformation rule
eiJyβJ+e−iJyβ = Jz sin(β) + J+ cos2(β/2)− J− sin2(β/2), (A2)
we can rewrite Eq. (A1) as
J+(φ, β) = S 〈j, j| R[Jz sin(β)− J− sin2(β/2)] |j, j〉S , (A3)
where we have taken into account that J+ |j, j〉S ≡ 0 and have introduced R = exp(iJyβ) exp(iJzφ) exp(−iJyβ) the
operator of rotation by angle φ around the axis along the direction (sin(β), 0, cos(β)). Expanding R in terms of the
Euler angles (γ′, θ, γ) related to β and φ through
sin(θ/2) = sin(β) sin(φ/2),
tan[(γ′ + γ)/2] = cos(β) tan(φ/2),
γ − γ′ = π,
(A4)
we find
J+(φ, β) = e
−i(γ′+γ)
[
j sin(β)dj,j(θ)− eiγ
√
2j sin2(β/2)dj−1,j(θ)
]
. (A5)
Here
dm,j(θ) =
√
(2j)!
(j +m)!(j −m)! cos
j+m(θ/2) sinj−m(θ/2) (A6)
are the matrix elements between |j, j〉S and |j,m〉S of the (2j + 1)-dimensional irreducible representation of
exp(−iJyθ).32 Using Eq. (A6) in Eq. (A5) we finally obtain
J+(φ, β) = 2je
−i(γ′+γ) sin(β/2) cos2j−1(θ/2)
[
cos(β/2) cos(θ/2)− eiγ sin(β/2) sin(θ/2)] . (A7)
In the case of the special interest β = π/2 this expression significantly simplifies
J+(φ, π/2) = je
−iφ/2 cos2j−1(φ/2). (A8)
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For small φ and large j the magnitude of this function decays with φ following the Gaussian law. Let us denote
J˜(φ) = cos2j−1(φ/2), then
dJ˜(φ)
dφ
=
1
2
(2j − 1) tan(φ/2)J˜(φ). (A9)
For φ≪ 1 we may keep only the leading term in the Taylor expansion of tan(φ/2) and obtain
J˜(φ) ≈ exp
[
−1
2
(2j − 1)
(
φ
2
)2]
. (A10)
Such representation is meaningful for sufficiently large j when jφ2 > 1. The generalization of this representation for
φ ≈ 2πn with integer n, where sin(φ/2) ≈ 0, is obvious.
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